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Abstract. This paper analyses a multiple class single server M/M/1/K queue
with finite capacity under weighted fair queuing (WFQ) discipline. The Poisson
process has been used to model the multiple classes of arrival streams. The ser-
vice times have exponential distribution. We assume each class is assigned a
virtual queue and incoming jobs enter the virtual queue related to their class and
served in FIFO order.We model our system as a two dimensional Markov chain
and use the matrix-geometric method to solve its stationary probabilities. This
paper presents a matrix geometric solution to the M/M/1/K queue with finite
buffer under (WFQ) service. In addition, the paper shows the state transition
diagram of the Markov chain and presents the state balance equations, from
which the stationary queue length distribution and other measures of interest
can be obtained. Numerical experiments corroborating the theoretical results are
also offered.

Keywords: Weighted Fair Queuing (WFQ), First Inter First Out (FIFO),
Markov chain.

1 Introduction

Queue based on weighted fair queuing is a service policy in multiclass system. Con-
sider a weighted service link that provides service for customers belonging to differ-
ent classes. In WFQ, traffic classes are served on the fixed weight assigned to the
related queue. The weight is determined according to the QoS parameters, such as
service rate or delay. The WFQ [1] is a scheduling discipline usually applied to QoS
enabled routers.

In this work, a two class single server M/M/1/K queue with a finite capacity under
WEFQ scheduling discipline is analyzed. The Poisson process is used to model two
classes of arrival streams. The service times have exponential distribution. We assume
each class is assigned a virtual queue and incoming jobs enter the virtual queue re-
lated to their class and served in FIFO order. The queue i is served at rate w, for

some w; >0 when queue 1—iis not empty and at rate unity when that queue is

empty. We model our system as a two dimensional Markov chain and use matrix
geometric method to solve for its stationary probabilities.
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There were many solutions proposed to offer the solution for the WFQ system with
two classes of customers on infinite buffer in [4] [5] and [6]. However, the class based
with finite buffer is applied in a lot of computer and communication system and more
realistic. The main aim of our work is to provide a solution to the WFQ system with a
finite buffer. To the best of our knowledge to analytical and numerical solutions for
such a system have not been in the literature.

The rest of this paper is organized as follows: An overview of related work is
shown in Section 2. The queueing model of M/M/1/K queue with WFQ is described
in Section 3. Section 4, offers a matrix geometric solution for M/M/1/K queue under
WFQ discipline, while section 5 presents and explains the numerical results of the
model, followed by the conclusions and future work in Section 6.

2 Related Work

The WFQ scheduling discipline is an important method for providing bounded delay,
bounded throughput and fairness among traffic flows [2], [3]. The subject of WFQ
has been investigated by many authors. Models similar to our WFQ system with two
classes of customers have been analyzed for Poisson arrivals and exponential service
times but with infinite buffers [4] and [5]. In [4], a two class system with two queues
is considered; however the WFQ system is approximated with a two server, two
queue systems and a numerical solution is provided. In [5], the same problem in [4] is
considered; however an analytical solution for the system is given.

In [6], the authors provide an analytical solution for a WFQ system with a long
range dependent traffic input with an infinite buffer and prove that analytical results
provide an accurate estimation of queue length distribution and can be helpful in
choices of WFQ weights. The work described in [7], defines an analytical solution of
a WFQ system with two classes of customers with exponential service times in an
unsteady state with an infinite buffer. The authors introduce an analytical model for
the system and derive the exact expression of the tail of the probability distribution of
the numbers of customers.

In [8], an analytical solution for the WFQ system with more than two queues and
time connected variable service rates with an infinite buffer is provided. In addition a
different design proposal for a dynamic WFQ scheduler is analyzed to provide quality
of service guarantees.

This paper, we analyses the WFQ system with two classes of customers with a fi-
nite buffer in steady state and studies the effect of weights on the system mean a
queue length, throughput and mean response time. To the best of our knowledge, the
analysis of a WFQ system with finite buffer has not been proposed in the literature.

3 The WFQ System Model

Throughout this paper, we consider the same model in [4]; however instead of an
infinite buffer, we use a finite buffer with size K. The maximum number of customers
who can be in the system at any time is K and any additional arriving customers will
be refused entry to the system and will depart immediately without service.
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Fig. 1. The Weighted Fair Queuing System

For our WFQ system, we assume two classes of jobs; Jobs of class 1 and class 2 ar-
rive according to a Poisson process with rate 4, ,i =0,land require exponential ser-

vice times with mean 1/ui,i =0,1. Each class is assigned a virtual queue and arriving
jobs enter the virtual queue related to their class and are served in FIFO order.

The queue 1 is served at rate w;for some w; >0 when queue 1—iis not empty
and at rate unity when that queue is empty. The coefficients w; are such
that wy +w, =1. The server is work conserving, i.e., it serves jobs only if at least one

queue is not empty. Fig. 1 depicts the WFQ system.

Fig. 2, illustrates the state-transition-rate diagram of the WFQ system where each
state denotes the number of customers in the system. A generalized Markov model
can be described by a two dimensional Markov chain with state (i, j), where i and

Jj are the number of customers in class 1 and class 2 at each state, respectively. When
the process is in state (i, j) , it can transfer to the state (i+1, j), (i, j+1), (i—1, j)if
i>0, (i, j—1). The transition rate from state (i, j) to (i+1, j)where(0<i< K —1)
is the arrival rate of class 1, i.e. 4,, of the Poisson process. A transition out of
state (i, j) to (i, j+1) where (0 < j < K —1)1is the arrival rate of class 2, i.e. A, of
the Poisson process. When no customers of class 1 are in the system, the transition
rate from (0, j) to (0, j—1) is the service rate of class 2, i.e. &, . The change from state
(1,0) to (i—1,0) is the service rate of class 1, i.e. £, . However, the transition rate from
state (i, j) to (i—1, j) is the service rate of class 1 multiplied by the weight of class 1,
i.e. wolly . A transition from (7, j) to (i, j—1) is the service rate of class 2 multiplied
by the weight of class 2, i.e. w4, .
The infinitesimal generator of this process is given by:

Qi.0).(i-1,0= Ho-1 21

Qi j).i-1,j) = Wolo n

Qi jy i j-y =Wty i 21, j 21

Qi j i) = Ao

and
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Qi j) (i, j+1) = A,,i20,j20 2)

The generator matrix Q of the Markov chain is given by

B, A
CO Bl AZ
Cl B2 A3
Q - . .. ) . (3)
- Cn—Z Bn—l An
Cn—l Bn
Where
M, A A
wo oy W, U
0 OW 1 1 . ﬂ ] l .
Cn — 0 /UO 1 /Ul , An — ,
P Ay A
0
—(A+wp) —wu
— ﬂ_{_ _
anl = ( Wﬂ) N Bn = Wﬂ
—(ﬂ+/,10) —H
In addition
A=Ag+4 “4)
and
The block entries B,B,,..., B, are square matrices, while the block entries

ALA,,...,A,and C,,C,,...,C, are rectangular matrices. The Markov chain with
generator matrix Q is irreducible; the matrices along the diagonal are non-singular.

Below is the state equilibrium equations for all of the states of the Markov model of
Fig. 2.
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Fig. 2. The state transition diagram for an M/M/1/K queue under WFQ scheduling discipline

4 Matrix Geometric Solution:
4.1 State Equilibrium Equations

The stationary probability vector 7 for () is generally partitioned as
=[xy, 7, 7,,...Ty]. Solving 7 Q=0along with normalizing equation

7T e = 1, yields the following set of equations in matrix form:

7, B,+7m C,=0 6)
7w, A+m B+, C =0 %)
r,. A+rm B +rx,,  C =01l<n<N-1 (8)

Ty Ay +7y By +7m,Cy_ =0 ©)

Ty Ay +7y By =0 (10)

Considering the above state equilibrium equations, it can be assumed that between
any two states there is ‘‘flow in, flow out’’ equilibrium without any effect on the
other remaining neighboring states.

4.2 Matrix Geometric Method

Suppose there exists a matrix R as
r.=m, R Vnzxl. (a1
then, we get by successive substitutions into the state equilibrium equations that

w,=myR" V' n=0. (12)
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A solution of the (12) is called a matrix geometric solution [9]. The explanation for

solving a matrix geometric system is to state the matrix R , the rate matrix, which is
discussed below.

4.3 Computation of the Rate Matrices

By a simple algebraic stage management of the state equilibrium equations R 's is
formed as follows:
From Equation (6) and we know that B o 18 non-singular and we obtain,

n,B,=-nC,—>r,=-rnC,B,' > r,=mR, (13)
Equation (10) leads to the following expression for 7, and R, where B is re-
quired to be non-singular,
-1
Ty By =—-7my_ Ay >y =—7, AyBy (14)

Equation (9) leads to the following expression of 7, and R, _,

Ty By +my RyCy ==y LA
Ty By +RyCy ) ==y LAy, (15)
Ty ==y Ay By +RyC, —1)_1
Ty =7y 2Ry
Finally from equation (8) we get a general relation between 77, ,,7, and R, ,
r,=-x, A, (B, +R, . C, )" (16)

r,.=n, R, 2<n<N -1

R, can be calculated from Algorithm 1.

Algorithm 1. Calculate R,
I: R, «—A, B}/

2:if n 21 then

3: for j=N-1—1do

) _ -1
4 R, < —A, (B, +R,C))

5:  end for

6: return R, < —A (B, +R,,C)"
7: end if

8:if n == 0 then
9:  return R, < —COBO_]
10: end if
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4.4 Stationary Probabilities

Theorem 1. For any QBD process with a finite state space, having an infinitesimal
generator matrix given by Equation ( , the stationary probabilities are given in ma-
trix-geometric form by

(17)
s N
Where R, = Hj=2 R and R;is computed using Algorithm 1.

Proof. The system of linear equations is solved for 77| , and from equation (14), 7, is

obtained as:

Z,=7,.R,
=7Z,,R,_R,
: (18)
=7, R,...R,_,R R,
=7, j:sz :Z']sz
Solving Equation (6) and (7) for 77 and use 77, =7, R, leads to,
7, (R,A +B, +R,C))=0 (19)

Thus, after an exchange and mathematical manipulation, Equation (18) follows

N
from normalizing condition Z 7, e =1 and equation (6).
n=0

N
7, (Re+ Y Re)=1 (20)

n=1
It is worth noting that Theorem! giving the structure of the vector 77 and that of

the vector 77, still needs to be determined. The vector 7; could be computed from
either one of the equations

7, (R,A +B, +R,C)=0
z,(R_ A +RB +R C =0, 1<n<N-1 Q1)
Zl(R;—lAN + R;BN) =0

and

N
7_:1(R0e+ZR;je) =1

n=l1
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Algorithm 2. Calculate 7
l:for j =2 — ndo

2z e;_rlﬁRj

i=2

3: end for

Algorithm 2 is used to compute the stationary probabilities T .

5 Performance Analyses

In this section, we present the results of the numerical calculations for an M/M/1/K
queue under WFQ using (15) with different values for Ay, 4, #, and g;. The maxi-

mum buffer size for the system is 50; hence this model has 1326 states. The following
is the numerical evaluation of the analytical model results for some performance
measurements based on and derived from the Markov chain described in the previous
section.

5.1 Mean Queue Length
The mean queue length L is calculated from the model as follows:
K
L=Y"ix()

Where 7z(i) =7(0), z(1),..., 7(K).
The following equations are derived from (22) to find the mean queue length for
class 1, [, and class 2, L,  respectively:

(22)

K K-i

Ly=Y Y ix(.))
=0 j=0 (23)
K K—j

L= > jxG,))
j=0 i=0 (24)

where 7 (i, j) is the steady state probability at state (i, j) .
Fig. 3 depicts the mean queue length for class1 and class2 for different arrival rates
and with wy =w; =0.5. We choose t, =4, =1to only examine the effect of the

queue weights. Using these parameters, the WFQ system reduces to two M/M/1/K
systems. It can be seen from Fig. 3 that the mean queue length for both classes in-

creases with the increase of the arriving traffic until A=1 then L, = L, =24.5. The
total of [ jand L, equals the buffer size: K=50. L, and L, have identical values for

all arrival rates.
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In Fig. 4, we choose w,, = 0.6 and w, = 0.4 for different values of 4 when g, =2, =1.1t

indicates that the mean queue length for class] is lower than the mean queue length for class2,
as expected. Class] is served faster than class2 at rate w, 44, =1.2. We find the same results

for, , whenw, =0.4, w, =0.6 and g, =11, =2.
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Fig. 3. Mean queue length, wy =w; =0.5and g, =, =1,4;, =4,
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Fig. 4. Mean queue length, w, =0.6,w, =0.4and g, =2,=1, =1, 4,>0,4, >0

Fig. 5 depicts the mean queue length for different values of class1 with an arrival rate
Ay >0and fixed arrival rate 4, = 0.2with w, = 0.6, w, = 0.4 . We make a note of that

as A increases, and then [, increases until the mean queue length approaches to 50

and then it is stable. However, the mean queue length of class 2 increases and then de-
creases to zero. The [, is lower in this case compared to [.The reason why [ is

higher than L, is the fact that class1 is getting a higher service rate, w, 4, =1.2and its
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increasing arriving traffic causes class2 to be refused entry to the system. This can be
observed in Fig. 5.

5.2 System Throughput

The following equation is used to find the system throughput (7" ) for the M/M/1/K
queue from the analytical model:

T=p1-70)) (25)
° U is the output rate, when the server is busy .
° 7 (server is busy) = (1- 7 (server is idle) = (1-7(0)) .
° when the server is idle, the output rate equals zero.

Equation (25) is used to derive the throughput (7") for classl,T0 , and class2, T1 ,

respectively:
T, =wypt, (1-7(0)) (26)
T =wyu, 1-7(0)) (27
50
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Fig. 5. Mean queue length, w, =0.6,w, =0.4and g4, =2,14, =1, 4,>0,4,=0.2

Fig. 6 shows T, withw, =0.6and 7] withw, =0.4 for different arrival rates of
classl and class 2, 4,>0,4, >0 . It indicates that 7, depends on the weight of
classl and that it means T, = wyu, and T, = w4, . The system throughput will not
exceed the services rate (in this example: w, 1, +w, 1, =1.6).

In Fig. 7, we obtain something like the results for 7;with w,=0.6and T,
withw, = 0.4 for different arrival rates of classl and class 2, 4,>0,4, >0 . How-

ever, the graph will be stable with arrival rate /10 221 = 2.3 for both classes.
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Fig. 6. Throughput, w; =0.6,w, =0.4and g, =2, 1, =1,4,>0,4, >0
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Fig. 7. Throughput, w, =0.6,w, =0.4and gy =2, u, =1, 4, >0,4,=0.2

2.3 The Mean Response Time
Using Little’s law [10]:
L=TS (28)

We can derive the mean response time for class 1, So , and class 2, S ,» from (28)
respectively as:
So=L,/T, (29)
S, =L T, (30)
where 7, and 7, are measured system throughput when packet loss is considered
(Tegeciive )-
Fig. 7 shows the mean response time of class 1 and class 2 when f, =2, y, =1

and w, =0.6,w, =0.4. We can observe that S, is higher than S, and class 2 stays

longer in the system. The reason why the mean response time has turned out to be
higher for class 2 is the fact that it has a low weight.
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Fig. 8. Mean response time, w, =0.6,w; =0.4and ) =2, ¢, =1, 4, >0,4, >0

Fig. 8 depicts the mean response time for different values of class1 with the arrival
rate 3, >0and the fixed arrival rate 4, = 0.2with w, = 0.6, w, = 0.4 . We can calcu-
late that as /70 increases, S increases until the mean response time approximately
equals 40 and then it is stable. However, the mean response time of class2 increases
until 2.4 and then decreases to zero. The reason why S is a higher than S| is the fact

classl is receiving different arrival rates and a higher service rate, w, g, =1.2.
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Fig. 9. Mean response time, w, =0.6,w, =0.4and 44, =2, 1, =1, 4, >0,4, =02

For all obtained performance measurements, the WFQ system behaved as ex-
pected. These numerical results confirm the validity of the analytical model.

6 Conclusions and Future Work

In this paper, we provide an analysis of the two class single server M/M/1/K queue
with a finite capacity under a weighted fair queuing scheduling discipline. The
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Poisson process has been used to model the multiple classes of arrival streams. The
service times have exponential distribution. An analytical expression for the flow
balanced equations has been derived using a Markov chain. Queue length distribution
has been derived by solving these expressions. We derived a general expression for
the steady state probabilities for any finite buffer with size K. In addition, we found

the steady state probabilities 7, J for M/M/1/50 queue with WFQ as an example and

we presented the numerical results. Future work will focus on deriving general equa-
tions for the performance measure for an M/M/1/K queue with a finite capacity under
a weighted fair queuing (WFQ) with more than two classes. We will also extend it
with more realistic traffic models.

References

1. Li, C, Tsao, S., Chen, M., Sun, Y., Huang, Y.: Proportional Delay Differentiation Service
Based on Weighted Fair Queuing. In: Proceedings Ninth International Conference on
Computer Communications and Networks, 2000, pp. 418-423 (2000)

2. Parkekh, A.K., Gallager, R.G.: A generalized processor sharing approach to flow control
in integrated services networks: The single-node case. IEEE Trans. On Networking 1(3),
344-357 (1993)

3. Parekh, A.K., Gallager, R.G.: A generalized processor sharing approach to flow control in
integrated services networks: The multiple node case. IEEE Trans. On Networking 2(2),
137-150 (1994)

4. Horvith, G., Telek, M.: Approximate analysis of two class WFQ systems. In: Workshop
on Preformability Modeling of Computer and Communication Systems - PMCCS 2003,
Arlington, IL, USA, September 2003, pp. 43—46 (2003)

5. Guillemin, F., Pinchon, D.: Analysis of the Weighted Fair Queuing System with Two
Classes of Customers with Exponential Service Times. Journal of Applied Probability
(2004)

6. Ashour, M., Le-Ngoc, T.: Performance of Weighted Fair Queuing System with Long
Range Dependent Traffic Inputs. In: Electrical and Computer Engineering, pp. 1002-1005
(2005)

7. Davis, P.F., Rabinowitz, P.: Methods of numerical intergration, 2nd edn. Academic Press,
London (1984)

8. Ashour, M., Le-Ngoc, T.: Performance of Weighted Fair Queuing System with Variable
Service Rates. In: International Conference, pp. 51-57 (2006)

9. Daigle, J.: Queueing Theory for Telecommunications, 1st edn., pp. 138-147. Addison-
Wesley Longman (1991)

10. Adan, I., Resing, J.: Queueing Theory, Eindhoven University of Technology, Department
of Mathematics and Computing Science, February 14 (2001)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Photoshop 4 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


